On the basis of horizon thermodynamics we study the thermodynamic stability of black holes constructed in general relativity and Gauss-Bonnet gravity. In the framework of horizon thermodynamics there are only five thermodynamic variables E, P, V, T, S. It is not necessary to consider concrete matter fields, which may contribute to the pressure of black hole thermodynamic system. In non-vacuum cases, we can derive the equation of state, P = P (V, T ). According to the requirements of stable equilibrium in conventional thermodynamics, we start from these thermodynamic variables to calculate the heat capacity at constant pressure and Gibbs free energy and analyze the local and global thermodynamic stability of black holes. It is shown that P > 0 is the necessary condition for black holes in general relativity to be thermodynamically stable, however this condition cannot be satisfied by many black holes in general relativity. For black hole in Gauss-Bonnet gravity negative pressure can be feasible, but only local stable black hole exists in this case.
I. INTRODUCTION
Since the discovery of Hawking radiation we know that black holes have temperature. Thus, the concept of entropy for black holes proposed by Bekenstein is no longer an anologue. Not only that, the works of Hawking made the entropy quantitative, namely S = A/4. The laws of black hole mechanics [1] plus the generalized second law of thermodynamics(GSL) [2] imply that black holes are thermodynamic systems. The work of Jacobson [3] by deriving the Einstein equation from a thermodynamic equation of state and the work of Padmanabhan [4, 5] by writing Einsteins equations for a spherically symmetric spacetime in the form of the first law of thermodynamics make the connection between gravity and thermodynamics very close. However, there are some differences between black hole thermodynamics and conventional thermodynamics, such as the black hole entropy, which is proportional to the horizon area but not volume, and the heat capacity of black holes which may be negative.
Based on the general first law of black hole thermodynamics: dM = T dS + ΩdJ + · · · , where "· · · " denote the possible additional contributions from long range fields, many thermodynamic properties of black holes have been studied. The couplings of different matter fields to gravity will give different black hole solutions, such as in general relativity (GR) Maxwell field leads to RN black hole and Born-Infeld (BI) field gives the BI black hole. And these black holes derived in the same gravitational theory with different matter fields have very different dynamical and thermodynamical properties.
In fact, we can also treat the black hole thermodynamic system from another perspective. According to the horizon thermodynamics proposed by Padmanab- * Email: mengsenma@gmail.com; ms ma@sxdtdx.edu.cn han, one can obtain the thermodynamic identity: dE = T dS − P dV from the field equations. One should also analyze the thermodynamic properties of black holes on the basis of this identity. In horizon thermodynamics, the pressure P is the (rr) component of energy-momentum tensor and the concrete form of it is unnecessary. In other words, the thermodynamic properties is relevant to the gravitational theories under consideration but insensitive to the concrete black hole solutions. In this paper, we will analyze the thermodynamic stability of black holes in the framework of horizon thermodynamics. In this case, only two pairs of thermodynamic variables exist, which are the intensive quantities T, P and the extensive quantities S, V . One can expect to obtain some different results from those obtained in usual black hole thermodynamics.
The paper is arranged as follows. In Section II, we simply introduce the horizon thermodynamics and black hole thermodynamics and demonstrate that they can be derived from the same field equation. In Section III we will analyze the thermodynamic stability of black holes in GR. The thermodynamic properties of Gauss-Bonnet black hole is discussed in Section IV. We make some concluding remarks in Section V.
II. HORIZON THERMODYNAMICS AND BLACK HOLE THERMODYNAMICS FROM EINSTEIN FIELD EQUATION
In this section, we take the static spherically symmetric black hole in general relativity as an example and demonstrate that two forms of black hole thermodynamics can be derived from the same field equations.
For a static, spherically symmetric spacetime, the metric in the Schwarzschild gauge can be written as
For simplicity, one can consider another form of the met-ric function:
where m(r) is an effective mass function. Obviously, for black holes with the metric taking the form of Eq.(2), the event horizon lies at r + = 2m(r + ). Substituting it into the Einstein field equation
the "00" and "11" components are the same and are expressed as
One can easily find that the "22" and "33" components of Einstein equations are satisfied by Eq.(4) automatically.
It should be noted that although we do not explicitly introduce the cosmological constant Λ in the theory, it can be included in the T µν . The Hawking temperature of black holes can be calculated according to
Thus, Eq.(4) can be rewritten as
Multiplying dr + on both sides of the above equation and integrating them, we can obtain
where E = r + /2 is the internal energy of the system; V = 4πr + is the entropy of the black hole. Thus, we obtain the thermodynamic identity from gravitational field equation. This is the horizon thermodynamics of black holes in GR.
Next, we continue to derive the first law of black hole thermodynamics. Integrating Eq.(4), one can obtain
where the integration constant is chosen according to the requirement M = lim r→∞ m(r). At the horizon, one can derive from Eq.(8)
Taking the variation of the above equation, one can obtain
It should be noted that if
is not only a function of r but also contains charges of some matter fields, one can obtain [6] 
(11) This is just the usual first law of black hole thermodynamics,
with φ = −4π 
which is just the electric potential measured at infinity with respect to the horizon. The truth that Eq. (7) in the horizon thermodynamics and Eq.(12) in the usual black hole thermodynamics can be derived from the same field equation indicates that the two formulae can be derived each other. Based on the usual black hole thermodynamics, the thermodynamic properties including the thermodynamic stability of many black holes have been studied extensively. However, we will show below that the thermodynamic properties of black holes based on the horizon thermodynamics are very different.
III. THERMODYNAMIC STABILITY OF BLACK HOLES IN GR
One can see that Eq. (6) is in fact an equation of state described by three state parameters P, V, T , which is
Stable equilibrium for a thermodynamic system requires that ∂P ∂V T ≤ 0 or κ T ≥ 0 [7] . We can calculate it easily
Thus, to guarantee the stability of the thermodynamic system there must be T ≥ 1 2πr + . From Eq.(6), we know
. This requirement means that P ≥ 1 8πr
2 +
> 0. Here we should stress that the discussion above is based on the non-vacuum case, namely nonzero P . Obviously, in the vacuum case, such as Schwarzschild solution, the thermodynamic quantities V, T, S are not independent and thus the LHS of Eq.(15) cannot be defined.
Another requirement for stable equilibrium is C P ≥ C V ≥ 0 [7] . According to general definition,
because constant V means constant E and S for black hole thermodynamic system. We can only define the heat capacity at constant pressure, which is
where H = E + P V is the enthalpy of the system. Clearly, C P is always negative when P = 0. As is shown in Fig.1 , C P can be positive for negative P when the horizon radius is larger than a critical value. However, one can find that in this case the temperature is negative. Therefore, to guarantee C P ≥ 0 and physically meaningful thermodynamic quantities, there must be P > 0. Therefore, black holes derived from general relativity coupled with the matter fields with P ≤ 0 are thermodynamically unstable. Below we only consider the case with P > 0. In this case, the temperature has the minimum T min = 2P/π. As is depicted in Fig.2 , the temperature is always positive and for the given value P = 0.2 we can find that the heat capacity C P diverges at r + = r c = 0.446 where the temperature takes minimum. According to the viewpoint of Davies [8] , the divergence of heat capacity means the second-order phase transition happens there. The heat capacity is positive for larger black hole with r + > r c Similarly, one can also calculate the compressibility κ T and the expansion coefficient α:
Obviously, the two quantities have the same divergent point as the heat capacity at constant pressure. One can also calculate the Gibbs free energy to discuss the global stability of the black holes in GR. We can define it as
As is shown in Fig.3(a) , the Gibbs free energy has maximum at the divergent point of C P . On the right hand side of that point, G is a monotonically decreasing function of r + for constant pressure P . Thus, we know that, the larger the black hole is, the more stable it will be when the horizon radius is larger than the critical value r c . While for fixed r + , the black holes with larger pressure is more stable. Fig.3(b) shows that for black holes in GR with nonzero matter sources there is a HawkingPage-like phase transition in the framework of horizon thermodynamics, which is a kind of radiation/large black hole phase transition [9] . For more details, one can consult the work [10] , where all the thermodynamic quantities for Schwarzschild-AdS black hole are given. It can be found that the thermodynamic quantities obtained for black holes in GR in the framework of horizon thermodynamics are indeed the same as those given in [10] . The above results apply for all black holes in GR. Now we see some specific black holes as examples.
(1)RN black hole. It is a solution of GR with electromagnetic field as source. The energy density ρ = −T 4 > 0 and the radial pressure P = T 1 1 = −Q 2 8πr 4 < 0. According to discussion above, RN black hole cannot be thermodynamically stable in the framework of horizon thermodynamics. This result is very different from those obtained in the usual black hole thermodynamics [11] [12] [13] [14] [15] [16] [17] . To guarantee thermodynamic stability, there must be other special matter contained in the sources. The simplest choice is the cosmological constant. In fact, RN-AdS black hole can be in stable equilibrium because
4 − Λ 8π may be positive in this case.
(2)Born-Infeld black hole. The Lagrangian is given by
where the Born-
Infeld parameter β has the dimension of mass. In the limit β → ∞, Born-Infeld theory reduces to the usual Maxwell electromagnetic theory. One can derive the energy-momentum tensor and obtain the radial pressure 8πP = 2β 2 ∓ 2β β 2 r 4 + Q 2 /r 2 , where "−" for positive β and "+" for negative β. Therefore the radial pressure is also negative for BI black hole and thus BI black hole is also thermodynamically unstable in the sense of horizon thermodynamics.
In fact, from our assumption g 00 = −g Except for the vacuum case P = 0, we find that all static spherically symmetric black holes in GR may be thermodynamically unstable in the framework of horizon thermodynamics. Next we will consider modified theory of gravity to further study the stability of black holes.
IV. THERMODYNAMIC STABILITY AND CRITICAL BEHAVIOR OF GAUSS-BONNET BLACK HOLE
For Gauss-Bonnet(GB) gravity, the action is given by
We have set the dimension of spacetime D = 5. α is the Gauss-Bonnet coefficient and is positive according to string theory [18] .L GB is the Gauss-Bonnet term and takes the form
Considering again a static, spherically symmetric metric
and substituting this into field equations, one can obtain
As is shown in [19] , this equation can also be rewritten into the form dE = T dS − P dV with E = 3πr
We can obtain the Hawking temperature from Eq.(24) T = r + 8πP r As is shown in Fig.4 , the Hawking temperature with positive pressure is always positive. While the Hawking temperature with negative pressure is positive for smaller r + and negative for larger r + . Although we think that negative temperature for black holes is meaningless, we cannot exclude the case with negative pressure due to the presence of positive temperature part. Moreover, we can find that when P < 5 24π the temperature has a local minimum and a local maximum, when P = 5 24π the two local extrema coincide. When P > 5 24π the temperature is a monotonically increasing function of r + for constant pressure P . Similar reason to that in GR, C V is also zero for GB black hole. We can only derive the heat capacity at constant pressure:
Corresponding to the temperatures, there are two or one or no divergent points for different choices of P , which is depicted in Fig.5 .
When P < 0, C P is positive for smaller black hole and negative for intermediate black hole, and is again positive for larger black hole. However, for the larger black hole the temperature is negative. Therefore, in this case, only the smaller black hole is locally stable. When 0 < P < 5 24π , there are two divergent points for C P , which correspond to the two extrema of temperature. Clearly, the smaller and larger black holes are both local stable due to the positivity of C P , while the intermediate black hole is unstable. When P = 5 24π , the two divergent points coincide. When P > 5 24π , C P is always positive and no divergent point exists. This means that in this case the Gauss-Bonnet black hole is local stable for any values of r + .
We can also derive the Gibbs free energy for Gauss- (28) From Fig.6(a) , one can see that for constant r + , the larger the pressure is, the more stable the Gauss-Bonnet black hole is. While for constant pressure, the larger black hole is more stable. The Gibbs free energy as a function of temperature for various pressures is shown in Fig.6(b) . Clearly, when P < P c = 5/24π the Gibbs free energy with respect to temperature develops a "swallow tail". At the critical pressure P = P c , the "swallow tail" disappears which corresponds to the critical point. When P < 0, the G − T plot is similar to that of RN black hole and that of black hole in de Sitter space [20] .
Eq.(24) can also give an equation of state,
or P = P (r + , T ). Based on this equation, one can analyze the P − V /r + criticality of Gauss-Bonnet black hole. In fact, the result (shown in Fig.7 ) is similar to that in [21] with Q = 0, k = 1, d = 5. The P − V /r + criticality is similar to that in Van der Waals liquid/gas system with the critical point at P c = P − V curves below the critical temperature there exist a portion where ∂P ∂V > 0 and should be replaced by an isobar obtained according to Maxwell's equal-area law.
V. CONCLUDING REMARKS
In the framework of horizon thermodynamics, we studied the thermodynamic stabilities of the black holes in GR and GB black hole. In static, spherically symmetric case, whatever the matter fields are, one can always set P = T 1 1 as the pressure of black hole thermodynamic system to obtain the thermodynamic identity dE = T dS − P dV from the field equations. We study the thermodynamic stabilities of black holes according to the variables E, T, S, P, V by taking the same method and criterion as those in the usual thermodynamics. Therefore, the concrete matter fields are not important. Our discussion applies for all the black holes in the gravitational theories under consideration.
It is shown that in GR only when the radial pressure P is positive, the black holes are stable, because only in this case there exist ∂P ∂V T ≤ 0 and C P ≥ 0. In the usual thermodynamic system, P > 0 is a natural requirement, however in gravitational system it is not the case, such as negative pressure for dark energy. Thus, we can find that nearly all the static, spherically symmetric solutions in GR, such as RN black hole, Born-Infeld black hole, etc. are thermodynamically unstable. This result is very different from that obtained in the usual black hole thermodynamics based on the first law dM = T dS+φdQ+... [11] [12] [13] [14] [15] [16] [17] . This difference can be easily understood. Because the two ways studying the thermodynamic properties of black holes are based on different thermodynamic variables. However, theoretically we cannot conclude which choice is more reasonable.
The thermodynamic stability of GB black hole is also relevant to the pressure P . In particular, when P < 0, GB black hole can also be thermodynamically stable . We also studied the critical behaviors of GB black hole employing the Gibbs free energy G and the equation of state P = P (V, T ). We find that the critical behaviors of GB black hole in the framework of horizon thermodynamics are similar to those discussed in [21, 22] , where the usual black hole thermodynamics is used and the pressure is taken to be P = −Λ/8π.
